HOMOGENEOUS EXTENSIONS OF POSITIVE
LINEAR OPERATORS

BY
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1. Introduction. A positive linear operator is (roughly speaking) a count-
ably additive, order preserving, o-finite linear mapping ¢ from one function
space, F, to another, F'.(Y) (For precise definitions, see §2 below. We assume
in particular that F and F’ satisfy the countable chain condition.) It has been
shown in [4] that a normal form representation can be given for ¢: if the
function space F’ consists of the “measurable” functions (modulo “null”
functions) on a space X, then F is isomorphic to a subspace of the space F*
of “measurable” functions on X X ¥, where Y is an ordinary numerical meas-
ure space, and ¢ can be extended to a positive linear operator ¢* from F* to
F’, in such a way that (to within the isomorphism mentioned) ¢*f=g, where
g(x) =[rf(x, y)dy.

We are concerned here with the case in which F/=F. It is now of impor-
tance (for instance in ergodic theory) to consider the iterates of ¢; and the
normal form representation just mentioned has now the drawback that the
isomorphism imbedding F in F* interferes with the description of these
iterates. The present paper takes a first step towards obtaining a more satis-
factory representation of ¢ and its iterates.

Given a positive linear operator ¢ from F to F, we shall show (Theorem 1,
4.1) that the function space F can be imbedded in a larger space F*, and the
operator ¢ extended to a positive linear operator ¢* from F* to F*, in such a
way that the extended operator has the following property, which we call
“full homogeneity”: For each characteristic function x € F*, and each func-
tion g& F* such that 0 £ g <¢*x, there exists a characteristic function x’ in F*
such that x' =x and ¢*x’ =g.(?) It follows that the iterates of the extended
operator ¢* will also be fully homogeneous, and therefore o-finite. (Even in
simple cases, the iterates of ¢ itself may fail to be o-finite(®).) A routine ap-
plication of the results of [4] would then lead easily to a simultaneous repre-
sentation theorem for ¢ and its iterates; however, a sharper theorem can be
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() Or from one conditionally complete vector o-lattice, satisfying the countable chain con-
dition, to another; cf. [4, p. 156].

(*) To improve the legibility of formulae, we often omit brackets, writing (as here) ¢*x
for ¢*(x), and later Rx for R(x), etc.

(® For example, let F be the space of measurable functions f(x, y) modulo null functions
on the plane (with ordinary measure), and let ¢f =g where g(x, y) = /_f(x, t)d¢ (independent of
). Then ¢ is an F-integral on F (and in particular is o-finite), but if f& F* and ¢ is finite, then
f=0, whence ¢? is not o-finite.
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deduced with more trouble, so we leave this application for a later paper.
Meanwhile we show (Theorem 3, §7) that when F arises from a genuine
numerical measure (that is, F is the space of measurable functions modulo
null functions on a measure space) then the extended space F* in Theorem 1
can also be taken to arise from a numerical measure. The deduction of
Theorem 3 depends on a property of measure algebras (Theorem 2, §6) which
may be of independent interest: Given a o-subalgebra 4 of a measure algebra
(E, n), and given a g-finite measure » on 4 which is equivalent to u on 4 (that
is, v vanishes only for the zero element of A), there exists a o-finite measure
v* on E which extends » on 4 and is equivalent to p on E.

The technique employed for the proofs makes considerable use of repre-
sentation spaces and of continuous functions on them; thus, after giving the
notation and some preliminary results in §2, we collect some results on the
representation spaces of an algebra and a complete subalgebra of it in §3.
Theorem 1 and its proof occupy §§4 and 5, Theorem 2 is dealt with in §6, and
Theorem 3 in §7. The background material and a few specific results are
quoted without proof from [2-5]; apart from this the present paper is largely
self-contained.

2. Notation and preliminaries.

2.1 Algebras and representation spaces. In general we use the same nota-
tions as in [2; 4], an acquaintance with which is assumed. The term “algebra”
always means “Boolean algebra”; if E is an algebra, the symbols 0 and e
denote the zero and unit elements of E respectively, and —x denotes the
complement of xS E; and the symmetric difference of x, yEE (written
x+qy in [2; 4]) is here written as x+3y.

The representation space of an algebra E is the space R of ultrafilters on
E; to each xCE corresponds the set Rx CR consisting of those ultrafilters
which contain x (thus Ro=¢, Re=R), and T is topologised by taking the sets
Rx as a basis; R is compact Hausdorff, and each Rx is both open and closed.
The correspondence x«>Rx is a finite isomorphism between E and the algebra
of all open-closed subsets of R. We write 8*R for the family of Borel subsets
of R, ®R for the family of “restricted Borel sets” (the Borel field generated
by the open-closed sets of R), and XR for the family of first category subsets
of R. We have:

(1) If XE®*R, X =G+ H where G is open and HE XR.
(Here again + denotes symmetric difference.) As the method of proof of (1)
(“Borel induction”) will be used frequently in what follows, we sketch it:
The family of all sets of the form G+ H, where G is open and HEXR, is
closed under complementation and under countable unions; hence it is a Borel
field containing all open sets, and so it contains ®*R.

Similarly, if E is a g-algebra, we have
(2) If XE®R, X=Rx+H where xCE and HE XR.
It follows that the g-algebra E is isomorphic to ®R/XR; if further E is a
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complete algebra (as it will be if it satisfies the countable chain condition)
then this g-isomorphism is necessarily complete. If E is complete, (2) applies
to all sets in B*R, so that E is (completely) isomorphic to 8*R/XR.

2.2 Subalgebras. Let A be a subalgebra of an arbitrary algebra E, and let
S, R be their respective representation spaces. There is a natural mapping £
of R onto S, obtained as follows: each point of R is an ultrafilter U on E, and
its trace UNA on 4 is an ultrafilter on 4; we take £(U) =UNA. It is easily
verified that

1) £1(Sy) = Ry, (y € 4),

so that £ is continuous. If further B is a subalgebra of A, with T as its repre-
sentation space, and £, £’ are the corresponding mappings from Rto T, S
to T, then clearly

) g =t

Let ®, be the Borel field (of subsets of R) generated by the sets Ry,
yEB; a “Borel induction” argument shows that

(3) ®RD ®, = 2_1&30

2.3 Complete subalgebras. A subalgebra 4 of an arbitrary algebra E will
be called a complete subalgebra of E if, for every H C A, the supremum
VH=V{h|hEH} of H in E exists and belongs to 4; thus 4 (but not neces-
sarily E) is then itself a complete algebra. An isomorphism @ of an algebra
B onto a subalgebra 4 of E is “complete with respect to E” if 4 is a complete
subalgebra of E; this implies that B is itself a complete algebra and that, for
every HCB, 6(VH) =V (6H) (the supremum in 4 or E).

Now suppose A4 is a complete subalgebra of an arbitrary algebra E, and
let S, R, be their respective representation spaces, and ¢ the mapping of R
onto S introduced in 2.2. For each xCE, write x*=A {y|y€A, y2x} (the
infimum referring to E, but x*&A4). It is now easily verified that

(1) ERx = Sx*,

so that £ is now open as well as continuous (and so closed, as R, S are compact
Hausdorff). It follows that

(2) £1%S C XR.

We deduce:

3) If HE®*S and £ 'HE XR, then HE XS.

For, by 2.1(2), H=G+Z where G is open and Z&XS. Hence {'H
=¢"1G+£71Z, showing that the open set £71G is (from (2)) of first category
in the compact space R; hence £~'G =, giving H=_Z as required.

These results, together with 2.2(3), give

(4) KRN ®, = £1(KS N &S).
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2.4 Function spaces. Let S be any set, ® any Borel field of subsets of S,
and 9 any o-ideal of subsets of S. By a “function” f on S we mean an ex-
tended-real function (so that, for each s€.S, f(s) is real or ® or — «). We
make the convention that 0: © =0, but © — « is not defined. $(®) denotes
the collection of “®-measurable” functions on S, that is, of functions f such
that, for each real p, {sl SES, f(s)> p} €®. The set of non-negative ®-
measurable functions is denoted by F+(®); generally, if @ is any set of func-
tions, @+ denotes the set of non-negative functions in @. The support [f]
(called “locus” in [4; 5]) of a function f on S is the set {s|f(s) #0}. A function
fis “null” or N-negligibleif [f]E N; the set of IN-negligible functions is denoted
by Z(91). The equivalence class modulo Z(9) of a function f is written
f4Z(M) or f (and not {f}, asin [2;4]). We write J<z to mean f(s) <g(s) for
all sS€ES— N where NE N, and <7 to mean f(s) <g(s), s€S— N; f <g means
f<gzand f#g. The set {f|fEF(®)} is written F(®)/Z(N) or F(S, B, N).(*)

If E is the g-algebra &/, E determines F(S, ®, ) to within “strict”
isomorphism (a 1-1 correspondence preserving < and (pointwise) sums and
products) (see [4, p. 159]), and we write the strict isomorphism class of
F(S, ®, M) as F(E); we also use F(E) to stand for any one member of this
class. F+(E) of course denotes the subset of F(E) corresponding to the non-
negative functions. We say that §(S, ®, M) is a realisation of F(E). For every
g-algebra E, the function space F(E) exists and has the representation space
realisation F(R, ®, N) where R=representation space of E, 8®=®R (or 8*R
if E is complete), 9= XR. If E is complete, each f& F(E) now has a unique
continuous representative fEF(R, ®, IN), as follows from [2, p. 285].

The support [f] of fEF(E) is the element [f]+9 of E. Dually, if x€E,
its characteristic function x, or xx is the element x(X) of F(E), where x(X)
is the characteristic function of any set X €® for which the equivalence class
X +9t=x. The value of x(X) at s€S is denoted by x(X, s).

2.5 Cylinder mappings. Let A be a g-subalgebra of a o-algebra E. There
is then a natural strict isomorphism ¢ of F(4) in F(E), which we call the
“cylinder mapping” (by analogy with the case in which E is the product of
A with another factor); it can be described as follows. Each §& F(4) deter-
mines a “spectrum” (cf. [6; 4, p. 159]) on A4; in terms of any realisation
F(S, ®, N) of F(4), the spectrum consists of the equivalence classes modulo 9
of the sets {sl g(s) <p} where p is rational. Conversely, each spectrum on 4
determines a unique g€ F(4). The imbedding of 4 in E turns the spectrum
of g into the spectrum of a unique fE F(E), and we take ¢(g) =7f. In particu-
lar, if $(S', ®', ') is any realisation of F(E), the sets of ® which correspond
to elements in 4 form a Borel field 8’ C®' such that (S, ®"’, N') is a real-
isation of F(A4); the cylinder mapping of F(4) in F(E) is now that induced
by the identity mapping on §’.

(#) It is an “extended vector o-lattice with a unit,” in the sense that the classes of the

finite functions form a vector o-lattice with a unit, and conversely every vector o-lattice with a
unit arises in this way.
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We shall later require the form taken by the cylinder mapping in terms
of the representation space realisations. Let R, S be the representation spaces
of the o-algebras E, A where 4 is a complete subalgebra of E; let £ be the cor-
responding mapping of R onto S (cf. 2.2), and let €, D be the families of con-
tinuous functions on R, S. As £ is continuous, £ induces a mapping £* of D
in C by the rule (§*g)p=g(£p), pER, gED. Each g€ F(4) is the equivalence
class of a unique gE D (cf. end of 2.4), and we have

(1) g = &%,
as follows from 2.2(1) and 2.3(2) applied to the spectrum of g.

2.6 F'-integrals. Let E, E’' be ¢-algebras satisfying the countable chain
condition, and write F=F(E), F'=F(E’). A mapping ¢ of a subset G of F in
F' is called a positive linear operator from F to F', or an F'-integral on F (cf.
[4, p. 161; 5, p. 232]) if GDF* and:

(1) If JEF+, ¢ 20.

(2) If J.EF* (n=1,2, - - - ), then ¢( fa) = 20w

(3) There exist 21, g2, - - -+ ©F* such that Y 7,20 and ¢g,<< .

@) G={f|¢(FH Nb(J )<}, and if JEG then ¢]=¢(*) —(F").

As ¢ is determined by its values on F*, we shall usually regard ¢ as a
mapping of F* in F'* satisfying (2) and (3); for every such mapping can be
extended to a suitable G [4, pp. 161, 162]. The extended mapping ¢ is neces-
sarily linear on G.

If further ¢ satisfies

(i) ¢f>0,if >0,

(ii) ¢1>>0,
¢ is called strict. (In [4; 5], a strict F'-integral on F was called simply an F'-
integral; the present F'-integral was called “relaxed.”) Every F’-integral ¢ on
F determines in a natural way a strict F{ -integral ¢, on Fi, where F1= F(E,),
F{ =F(E{), and E,, E{ are suitable principal ideals of E, E’ (see [5, p. 238]);
¢ is called the “strict form” of ¢.

For any F'-integral ¢ on F, we write Ax=¢(xx)(xEE); \ is the induced
“F’-measure” on E; it is countably additive and o-finite [5, p. 233 (a) and (b) ]
and determines ¢ uniquely.

An F'-integral ¢ on F is fully homogeneous if the corresponding F -measure
\ is “full-valued” in the sense of [4, p. 166]; that is, given x€E and gE F'+
such that g £\x, there exists y <x such that Ay=g. A fully homogeneous ¢ is
itself full-valued [4, p. 174]; that is, given fEF+ and g€ F'+ such that
g ¢f, there exists € F* such that A<f and ¢h=3.

Let E, E’, E"” be o-algebras, and F, F’, F” their function spaces (that is,
F'=F(E'), etc.). Suppose ¢ is an F'-integral on F, and ¢ an F''-integral on F',
In general, Y¢ need not be an F''-integral on F, as the o-finiteness require-
ment (3) may fail. But:

(5) If ¢ and ¢ are fully homogeneous, y¢ is a fully homogeneous F''-
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integral on F, provided that E satisfies the countable chain condition.

There is no difficulty in seeing that Y@ satisfies conditions (1) and (2).
Suppose 0 =g =Ypxx where xEE, g&F"”. Put h=Ax=¢xx; then 0Zg<yh,
so (as ¥ is full-valued) there exists kS F'+ such that k<% and Yk =g. Hence
there exists y <x in E such that Ay =~k; and Y¢xy =g, proving that y¢ is fully
homogeneous. Put y¢=0; condition (3) now follows in this way. Put
hi=1/\01; there exists x,E E such that fxx, =#,. If a is any countable ordinal,
and disjoint elements xs & E have been defined for all  <a so that fxx <1, we
put k=1 \x(— Vxs| B<a). If h, 0, we take x, < — Vg so that Oxxa=ha < 1;
if ho=0, we put xo= — Vx and terminate the process. Because of the counta-
ble chain condition, this process terminates for some countable a. Renumber-
ing the elements x3(8 <) into a simple sequence x1, - - -, X, + - +, We put
gn=x%» and have ) g,=1>0 and g, <1<« as required.

For any F'-integral ¢ on F we have:

(6) If f, gEF+ and [f]=[¢], then [¢f]= [sg].

For o -f=wg; hence [¢f]=[wdf]=[p=f]=[ge].

Now let E,, E{ be o-subalgebras of o-algebras E;, E{ satisfying the
countable chain condition; write F;, F{ for F(E,;), F(E!) respectively
(¢=1, 2), and let ¢, ¢’ be the respective cylinder mappings of F in F;, F{ in
Fj.1f¢: (=1, 2) isan F!-integral on F; we say that ¢, is a cylinder extension
of ¢y if, for each F&F{, c'(¢1f) =¢:(cf). As remarked in 2.5, we can choose
realisations of F;and F! for which ¢’ and ¢ are induced by identity mappings,
and then ¢, is a cylinder extension of ¢, if and only if ¢, is (in an obvious
sense) the restriction of ¢, to Fi.

The following result is basic for the construction in the present paper. It
is proved (in a slightly different formulation) in [4, Theorem 6] for the case
in which ¢ is strict; the general result follows easily on considering the “strict
form” of ¢. (For details see the beginning of §7.)

(7) If ¢ isan F'-integral on F, where F= F(E) and F' = F(E’), there exists
an algebra E*, of which E is a complete subalgebra, and an F’-integral ¢* on
F(E), such that ¢* is a fully homogeneous cylinder extension of ¢.

Except where the contrary is stated, all algebras in what follows are assumed
to be o-algebras satisfying the countable chain condition. Further, the term
“subalgebra” is understood to mean a g-subalgebra, and hence a complete
subalgebra.

3. Functions on representation spaces.

3.1 Let A be a (complete) subalgebra of an arbitrary algebra E; A is of
course assumed to be a g-algebra satisfying the countable chain condition,
but E is not. We derive for later use some properties of the representation
spaces R, S of E, A, and of various families of functions on them. We write
RN = ®oNEKR, where ®y is the Borel field generated by the sets Ry, yE 4, and
M, for the family of all subsets N of R which are subsets of sets in 9. From
2.2 and 2.3(4), (R, ®o, M) and F(R, By, XR) are realisations of F(4); if E
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is a o-algebra, the corresponding cylinder mappings of F(4) in F(E) are in-
duced by the identity mapping. As in 2.2 we write £ for the natural mapping
of R onto S, and €, D for the families of continuous functions on R, S.

3.2 LeMMA. If HE XS, there exist xmn©&A (m, n=1, 2, - - +) such that
EmiZEm2Z * -+, No Xma=0 for each m, and HCU, N, Sxmn.

For let F be closed and nowhere dense in S; the open set S—F can be
written as USy) for suitable y»© A4, and (because F is nowhere dense) Vy,=e.
There is therefore a sequence of values of N, which we denote by 1, 2, - - -,

i, - - - ,such that Vy;=e. Put xa= —(V3V - - - Vya); thenx1 Z x> - - -,
Ax, =0, and Sx,=S—(Sp\U---USy,) DF. Now we have
HCUF,, (m=1,2, - - - ) where F, is closed and nowhere dense; applying the

foregoing to F,, instead of F, we obtain the elements x,., required.
COROLLARY. If HE XS, there exists H*C XSN®S such that H C H*.

3.3 DEeFINITION. A function f on R is 0-continuous if, for each real (or,
equivalently, rational) p, {p] PER, f(p) >p} is a union of sets of the form Ry
where y& A. (This implies that f is continuous.) The set of 0-continuous func-
tions on R is denoted by €,. We have

(1) fEF(®,) if and only if there exists hEF(B®(S)) such that f=ht.

The nontrivial implication here can be seen by considering the spectrum
of f, or by observing that (by the argument in [4, p. 157]) each fEF(®,) is
expressible as > a,xX. where X,E®o and a, is real. We have X,=£{"1Y,
where YV,E®S, and then, if we set h= Za,.x Y., we have f=h¢.

We deduce:

(2) If fETF(®o), there exists hECq such that f=k mod .

By (1), f=g¢ where gEF(®(S)). There exists a continuous function g, on
S such that g(s) =gi(s) for s€S—H, where HE X.S; and by 3.2, Corollary,
we may assume HE®S also. Put h=g¢. Using 2.2(1) we see that k is O-
continuous; and f(p) =h(p) for pER—N where N={"'HC N, by 2.3(4).
Conversely:

(3) If f&C,, there exists g&F(®g) such that f=g mod N,.

For write X,= {plpER, f(p) <p}; by hypothesis, this is of the form
URy, for suitable elements y,&EA. Let z,=Vy,; then Rz,=X,\JH, where
H,=£"1(Sz,—USy,). As Sz,—USy, is closed and nowhere dense in S, it is con-
tained in a set K,&XSN®S (3.2, Corollary); hence H,C{1K,E Ny Put
N=U {E“K,,|p rational}, g=fx(R—N). Then NEN,, and f(p)=g(p) for
pER—N. Let V,= {plpER, g(p) <p}; one verifies that, if p is rational,
Y,=Rz,\(R—N) for p<0, Y,=Rz,\UN for p>0. Hence Y,E®, for all ra-
tional p, and hence for all p, proving g&F(®,).

Next we deduce:

(4) fE€ey if and only if f=h¢ for some hED.

The “if” is trivial from 2.2(1). Conversely, given fE @y, apply (3) and (1)
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to obtain gEF(®(S)) such that f=gf modulo 9. There exists a continuous
h on S such that i(s) =g(s) for s&€S—H, where HES XS. Thus f(p) =ht(p)
for all pER— N where NEXR. As R— Nisdense in R, and f, hf are both con-
tinuous, it follows that f(p) =hé(p) for all pER.

3.4 Let My denote ®o+ Iy (that is, the family of all sets of the form
B+N where BE®,, NENo). Equivalently (from 2.1(2), 2.2(3), 2.3(4)) M,
consists of all sets of the form Ry+N where yE4, NEN,. Clearly M, is a
Borel field. We say that a function f on R is 0-measurable if all the sets
{plf(p) <p} are in Mo. If FEZ(N,) (that is, if [f]E M) we say that f is O-
negligible. Every 0-continuous function is 0-measurable (cf. end of 2.1). Con-
versely,

(1) Given an 0-measurable function f, there exists a unique 0-continuous
function g such that f=g mod 9,.

By [4, p. 157] we have f= ) a,xX. for suitable real numbers a, and sets
X.€EMy (n=1, 2, - - - ); and each X, has the form Rx,+H, where H,C N,
and x,EA. Consider the function k= Za,.xSx,. on S; being ®S-measurable,
it differs from a continuous function k on S on a first category set K. Then
g =k£ is 0-continuous, and we have f(p) =k{(p) if pER— {E“lKUUH,.}. The
uniqueness of g is trivial.

Given gEF(A4), the class g, in the representation space realisation of
F(4), contains a unique continuous function go [2, p. 287]. Then go is 0-
continuous on R; further, from 3.3(4), every 0O-continuous function arises in
this way. We write gof=RoZ; Ro induces a strict isomorphism (a 1-1 cor-
respondence preserving < and finite sums and products) between F(4) and
€. It follows that every subset {f.} of € has a least upper bound f=Vf, in
@, and there is a countable subfamily {f.,} of {f.} such that f=Vf,,. More-
over we have

(2) If f=Vf.in @y, f(p) =sup fu(p) for all p€R— N, where NE .

For we have f,=g.t where g, is continuous on S, and if g=V3z, in F(4)
then g=Vg,,. If gois the continuous function on S which is in g, then go(s)
=sup g, (s) if sS€S—H where HE XS, and we can assume (3.2) HE®S
also. Then f=ge, and f(p) =sup fu(p) if pER—E1H where {1 HE N, by
2.3(4).

Note that, from 2.2(1),

3) Roxy = xRy, ifye 4.

If E is itself a o-algebra, the cylinder mapping ¢ of F(4) in F(E) is de-
fined, and from 2.5(1) we have, for g€ F(4),

(4) Rog is the unique 0-continuous function in the class cg.(%)

For later use, we deduce:

(%) Even when E is only finitely additive, it would be possible to define a “cylinder map-

ping” from F(A4) to the finitely additive function space corresponding to F(E), whenever 4 is
a o-subalgebra of E. This mapping would then be realised by R,.
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(5) If f € ef, there exist positive real numbers ¢,, elements x, € 4
(n=1, 2, - - - ), and a non-negative function k such that

f=2 onxRan + k.

We have f=Rog where gEF(A)*, and a slight modification of the argu-
ment in [4, p. 157, Lemma 1] gives g= D onx%» where x,€4 and ¢,>0.
Hence, by (3), f= Ea,.xRx,. on R— N, where NE 91,. By continuity, fZevery
finite sum of terms ,xRx., so the difference & between fand Y _o.xRx.is 0.

4. The main theorem and its proof (first part).

4.1 We now state the main theorem of this paper. We recall that “algebra”
means “Boolean ¢-algebra satisfying the countable chain condition” except
where the contrary is stated.

THEOREM 1. Let Ey be an algebra, Fo= F(E,) its function space, and ¢o a
positive linear operator from Fq to itself (that is, an Fo-integral on F,). There
exist an algebra E, of which E, is a subalgebra, and a fully homogeneous F-
integral ¢ on F, where F= F(E), such that ¢ is a cylinder extension of ¢.

REMARRK. If ¢y is a strict Fo-integral on Fy, I do not know whether ¢ can
always be taken to be a strict F-integral on F. If ¢(1)>>0, then automatically
¢(1)>>0 because ¢ is a cylinder extension.

Before proving the theorem, we note the following consequence of it.

COROLLARY. For each n=1, 2, - - -, ¢" is also a fully homogeneous F-
integral on F, and is a cylinder extension of ¢g.

This follows from Theorem 1 by an easy induction, using 2.6(5).

4.2 The algebras E,. The proof of Theorem 1 requires a number of steps.
First we note that by successive applications of 2.6(7) we obtain a sequence of
algebras Ey, Ei, E,, - - -, where E; is a subalgebra of Ex,;, and a sequence
{¢k} (=0, 1, 2, - - - ) where ¢ is an Fi-integral on Fi, F denoting F(E:),
such that

(1) ¢ry1 is a cylinder extension of ¢y; that is, @ry1Ck k1= Ck,k+10x, Where
¢kk+1 is the cylinder mapping of Fi in Fiy,

(2) r4a(Fiy) Cernna(FY), and further

(3) (ck,k41)"'Pr41 is a fully homogeneous Fi-integral on Fy,a.

(We merely put ¢iy1=crr19* where ¢* is the extension provided by
2.6(7).)

We write ¢s,n4k for the cylinder mapping of F, into Fnyx (#, £20), noting
that cu,nex is 1-1, that cu., is the identity mapping, and that cs stk
= Cuth,nthikCn,nih. L0 simplify printing, we write the inverse mapping (cn, k) !
as Cnyk,n- By induction, first over k for m =1 and then over m, we obtain

4 (Dntk)™Cn nik = Cninti(Pn)™ oD F-: m=1,2,.--.).

Restated in terms of the inverse cylinder mappings, this is
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(5) cn+k.n(¢n+k)m = (d’n)mcn-f-k.n on cn,»+kF: C F.:+k-

Next we show

(6) (¢n+k)kF :+k C Cn,n+kF:; and Cn+k.n(¢n+k)k is a fully

homogeneous Fy-integral on Fpy:.

In fact, if 21, cnir nprPnsr is a fully homogeneous F,,,i-integral on
Foyr, by (3). Now, on Ft,, put
¥ = (Catr1,00n41) (Crt2ns1Pns2) * ° * (Cntkonth—1Pnir).
Then y is a fully homogeneous Fy-integral on Fa.x, by 2.6(5). But, in view of
(%),
¥ = Crt1,n(@nt1Cnt2ntr) * °  (Pntko1Cntk ntk—1)Pnt
= 5n+l,ncn+2,n+l¢n+2¢n+2cn+3.n+2 c e
= Cn+2,n(¢n+2)2cn+3,n+2¢n+3 e

5n+2,n6n+3,n+2(¢n+3)3 s = Cn+k_n(¢n+k)k ﬁnally.

This also Shows Cpyk,»(Pnsk)* is defined for all fEF},,, giving the first part
of the assertion.

REMARK. It follows from (6) that (¢.)™ is an F,-integral on F, provided
m =n; compare footnote 3.

4.3 The algebra E'. Let E' =UE,, where E,, E,, E,, - - - is the sequence
of algebras obtained in 4.2. For x, yEE’, define x<y to mean that x<y in
some E, (and so in E,, for all m=n). It is easily verified that E’ becomes a
finitely additive Boolean algebra satisfying the countable chain condition,
and that each E, is a complete subalgebra of E’. Let R be the representation
space of E’. The required extended function space F of Theorem 1 (4.1) will
be defined by a certain realisation F(R, ®, 9); but before we define ® and N
it is convenient to have the extended integral ¢ more or less available. This
we achieve by defining an operator ® on a suitable class €' of continuous
functions on R (4.5). By measure-theoretic considerations we are then able to
extend a modified form of ® to an operator ®* on the family F(IM') of IM'-
measurable functions, where 9’ is a certain Borel field of subsets of R (4.8);
and all that remains is to define the ideal 9 of null sets—an operation of some
delicacy since 91 must be large enough to produce the countable chain condi-
tion and not so large as to annihilate ®*.

4.4 The function-class €'. As in §2, we let Rx denote the open-closed sub-
set of R corresponding to xEE’. We write & = { Rx|*EE'}, &= { Rx|xEE.},
®' = ®R=Borel field (of subsets of R) generated by &', B, =Borel field gener-
ated by &. A set NCR is called k-negligible if it is contained in some Y&
®xNXR; N is negligible if it is of the form UN, (=0, 1, - - - ) where Ny is k-
negligible. The families of k-negligible and of negligible sets are written
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I, I respectively; they are g-ideals. We have 8 C®, C - - - C®', NoC My
C - - - CHW CXR. We say that a function on R is k-negligible or negligible
if it is in Z(9%) or Z(9'), respectively.

We define 9, = ®;+ Ni (cf. 3.4), MY =&+, M =& +9U; all these are
Borel fields. By 3.3(2), ®: C&:+ 9, so that M, =8+, and hence M =
&+ 9. Clearly WMo CouC - -+, M CM/ C - -+, and M CoMy Ca’. If
xE Ey, the correspondence between x and (Rx)+ 9 is a (complete) isomor-
phism between E, and /9 ; similarly, for x€E’, the correspondence be-
tween x and (Rx)+9U is a finite isomorphism between E’ and a finitely
additive subalgebra of 9'/9U. (Note that in general E’ need not be a o-
algebra, and that the o-algebra /93U need not satisfy the countable chain
condition.) If we restrict x to E, here, we obtain an isomorphism of E; onto
the (complete) subalgebra 9/ /9 of 9M'/9U.

We call a function f on R “k-continuous” if for each real p {p[f(p) >p}is
a union of sets in §; that is, if f is “0-continuous” in the sense of 3.3, taking
E=FE', A=E. We write €; for the family of all k-continuous functions on R,
and €’ for Ue;; note that €, C e, C - - - . A function is called “k-measurable”
if it is in $(9M,) (this notation is consistent with that in 3.4), “k’-measurable”
if it is in (MY ). The following assertions follow easily from 3.3(3) and 3.4(1):

(1) Every k-continuous function is k-measurable,and hence k’-measurable.

(2) If f is k-measurable, there is a unique k-continuous function g; such
that f=g, mod 9; and gk =gk11= - - -

Let R; be the isomorphism between F,=F(E;) and @; described in 3.4
(where we replace 4 by E;, E by E’ and Ry by Ry).(%) If we use the realisation
F(R, MY, ) of Fy, a typical element f of Fi consists of all functions differing
from a k’-measurable function f by a negligible function, the cylinder mapping
Ck.k+n becomes the identity mapping, and R.f is the unique k-continuous func-
tion in f. It follows that, for arbitrary realisations,

A3) Rif = RipnCriinf (k,n=0,1,2,-- -, fE Fi).

4.5 The operator ®. Given fER'+, we have fEC, for some k; put g=R;'f
€ Fy, and define ®f=RipgSef. This definition does not depend on the
choice of &, as follows from 4.4(3) and 4.2(4), so ® is a single-valued mapping
of @'+ into itself. ® and its iterates have the following properties; in all of
them, £=0,1,2,---,m,n=1,2, - - -, and, where no proofs are given, the
proofs are straightforward inductions over m.

(1) If f=Rig, where g€ F{, then ®™f = Ri¢7'z.

(2) B™(Cim) CCE.

The case m=1 of (2) follows from the definition of ®, together with 4.2(2)
and 4.4(3); the general case then follows by induction over m.

(%) Our notation in this paragraph is not quite exact; some isomorphisms have been sup-
pressed. Strictly speaking, R depends on which realisation of Fy is used, but this should not
cause confusion here.
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(3) If f, g&€e’'t and a, b are non-negative real numbers,
®™(af + bg) = ad™f + bdmg.

(4) Let fa, fEC{, and write ®"f,=ga, ®"f=g. Suppose that fu(p)—f(p)
for each pER— N, where NE N, and that either (a) fi<f;< - -+ or (b)
fizfaz -+ - and g1(p) < » if pER—N. Then g.(p)—g(p) for all p€R— N*
where N*E N,.

(5) If XE&sm, gECY, and g<P™xX, then g=®mx Y for some Y EErym.

Here induction is not needed for the proof, which is a straightforward
calculation based on 4.2(6).

As an immediate consequence of (5), ®~ is “fully homogeneous” in the
following sense:

(6) If X€¢', geC't, and g=P"xX, then g=3x Y for some YCE'.

Finally ®™ has the following o-finiteness property:

(7) Givenk (=0,1,2, - - ), thereexist disjoint sets GaC 81 (n=1,2, - - +)
such that R—UG,E Nxy1 and G, <1.

For, by 4.2(6), ck41,1(@+1)* is a fully homogeneous Fi-integral on Fi,,.
The argument proving 2.6(5) shows that elements yi, ¥s, - + - exist in Ejy1
such that Vy,=e¢ and ¢§,,xy.<1. We take G, = Ry,; then G,E &1, R—UG, is
(k+1)-negligible, and finally, by (1) above, ®*xG,= Ri1¢r11xy. < 1.

4.6 The measures pp and v, Using 4.5(7), we take a sequence of disjoint
sets G,E€8&, such that R—UG,=ZE N, and $xG,=<1; these sets will remain
fixed throughout the rest of the proof. Let p be any point of R, fixed for the
moment. For each X € &', put u,(X) = value at p of the function
> 2 ®X(XNG.). From 4.5(3), p, is a finitely additive (non-negative) measure
on &, and u,(G.) £1. Further, if X1, X,, - - - is any sequence of disjoint sets
in &, and if X =UX,E¢, then u,(X) = Y u,(X,) because X is compact and
each X, is open, so that all but a finite number of the sets X, must be empty.
There is therefore [1, p. 2] an extension of u, to a complete countably additive
measure p; on a Borel field containing ®&'=®'.(") For XE®’ define »,(X)
=Y atg (XNG,)=p, (X—2Z). Then v, is a countably additive o-finite meas-
ure on ®', which extends u,. We assert:

(1) Given XE¥€, v,(X) = (@xX)(p) for each p&R— Nx, where Nx €.

For say X E§&;; then G,€8& C& (we may assume k>0), so XNG,E&
and v,(X) = 2 up(XNG,) = 2 {value at p of &x(XNG.)}. Now each
x(XNG,)EC;, and also x(X)E€ and Y x(XNG,)=xX on R—Z where
ZEN,. Hence by 4.5(4) we have (X _x(XNG,), 1 =n=m)—®xX on R— Ny
for some Nx& 9, C I, and the assertion follows.

4.7 The outer measure function v*. For arbitrary X CR and pER, let
;X denote the outer measure of X with respect to the measure v,. We write
v*X for the function on R whose value at p is v;X. If XE®', X is v,-measura-
ble for every pE&R. Generally, if X is v,-measurable except for a negligible
set of p's, we write vX instead of v*X.

(") A “complete” measure is one for which all subsets of null sets are measurable.
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(1) If XEW, vX exists and is negligible.

We have X =UX, where X € 9, and we may suppose k= 1. As the sets
G are disjoint and v,-measurable for every p, we have ¥*X,= D, »*(XiNG.),
so it isenough to prove that v*(XMG.) is k-negligible. By 3.2, X CUnNs Rxma
where xmEE: and, for fixed m, XmZ%me= - - - and Aj x.a=0. We have
G.=Ry, where y.€E,CEx. Let Znn=0i RemiN\Gn=0N4 R(Xmr/A\ya). The
sequence {xR(xm;./\y,.)} (h=1, 2, - - - ) of functions of € decreases mono-
tonically, and its limit is 0 outside a k-negligible set; further, ®xR(Xm1 A\¥x)
<PxG,=<1. Hence, by 4.5(4), vR(%mr AYx) =PXR(xmn/\¥:)—0 except on a
k-negligible set as h— «, proving v*Z,, is k-negligible. As Xi:NG, CUn Znn,
this proves v*(XxMG,.) k-negligible, as required.

(2) If X&W', X is v,-measurable for all p&R— Nx, where NxSI'; and
v XEF(M').

First suppose X&§&'. Then X is v,-measurable for all p&R. Again, write
X.=XNG,; we have vX = Y vX,= Y PxX, where PxX.€€' CF(M'), from
3.3(3), showing that v X E&F(M').

Now suppose X E®'. Again X is v,-measurable for all pER, and as above
it is enough to prove that each »(XMNG,)EF(M'). Thus we may assume
X CG,. The 9NM'-measurability of »X now follows by transfinite induction
over the rank a of X considered as in the Borel field generated by sets in &
which are subsets of G,; we use the facts that X is a limit of a monotone se-
quence of sets of smaller rank and of finite measure, and that a (pointwise)
limit of a sequence of functions in (') is in F(M').

Finally, if XEMW', X =Y 42’ where YE®', Z’EN’; if p&R— Nx where
N. is negligible, »}(Z’) =0 by (1), and X is v,-measurable and »,(X) =v,(Y).
Thus v(X) =v(Y) EF(M').

4.8 The operator ®*. As a corollary to the last result, we have

(1) If fEF(M')*, then f is v,-measurable except for a negligible set of p’s.

We define ®}f=inf{ [zgdv,|g is v,-measurable and g=f}. The function
on R whose value at p is ®}f is denoted by ®*f. It is easy to verify that, for
arbitrary X CR,

(2) P*x X = »*¥X.

We deduce

3) If fEF(M') T, then ¥ CSF(M')*.

For, by a familiar argument, f= Y a,xX, where a,>0, X,EM'. By
4.7(2), X, is v,-measurable for all pER— N, where N,E'. Put N=UN,;
then, if p € R — N, f is v,-measurable and consequently ®}f = [zfdv,
= ) @.v,(X.) where, for each 7, the function »,(X,) of p is in F(IN')* by
4.7(2). Thus ®*f differs from an 9’'-measurable function at most on N, and is
therefore 91U'-measurable.

4) If fZ0 and [f]EN, then [B*f]C .

Let [f]=X.By4.7(1), ;X =0 for all pER— N where NEN'. If p€R— N,
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we may take g= xX in the definition of ®}f, showing ®}f=0 for pER—N.

(5) If faEF(O)* (n=1, 2, - - - ), then BF( D fa) = D _P%f. except for a
negligible set of p’s.

The proof resembles that of (3). We immediately deduce:

6) If fa€F(M)+ (n=1,2, - - ), fizfe= - - -, and ¥} fi < = except on
a negligible set, then ®}(lim f,) =lim &} f, except on a negligible set.

If fEee’t, the value of ®f at pER is denoted by ®,f; similarly we define
o7 f.

(7) If fER'™, then d)f=d,f if pER— N where NEI.

Say fECy. By 3.4(5) we may write f= Y o.xXa+g where 6,>0, X,E&,
g =20 and [g] € 9 C W. From 4.5(4), if p € R — N, where N, € 9N,
B, f= 2 ®,(0axXn) = D 0avp(Xa) by 4.6, if p&EN,;, where N, . On the
other hand, from (4), ®}g=0 except on N;E 9, and outside N; we have that
f is v,-measurable and consequently ®¥f= > a.[xXadv,= D 0ary(X.). Thus
&) f=®,f if pER— (N1\UN,UNj).

Since ®* maps F(M')* in itself, the iterates * (m=1, 2, - - - ) are all
defined; it is easy to see that properties (3)—(6) apply to ®*™, and similarly
(7) gives (with a little more trouble):

(7) If fee'+, &*f and $7f differ only on a negligible set.

4.9 Support properties of ®*. We list the following properties of ®* for
later use; they all follow easily from the foregoing. Throughout, it is assumed
that f, fi, fo, - - - €EF(M)*.

(1) [®*flear.

2) If [flew, [@*flcar.

(3) U [@*nf.] C[@* sup fa] C[@* 2 fa], and

[#*n " ] — U, [#*f,] € o'
@) If [fi]+[f.]EW, then [®*~f, ]+ [@*~f,]€ .

In particular,
(5) [#*f] + [2*x[f]] € 9.

4.10 The set-operator I. As a preliminary to defining the final ideal 9 of
“null sets,” we define I(X), for XEM', by: I(X)=[D&**xX], where
m=0, 1, 2, - - - . Taking m =0 shows

1) ) I(X) D X.

The following results follow easily with the aid of 4.9. It is assumed
throughout that X, X, X, - - - €W,

2) I(X)ea'.

Q) f Xew, I(X)ex'.

4) I(X)=U[®*xX ](m 20).

) UXCY, IX)CI(Y).

(6) IUX,)=UI(X,)UN, where N 9.
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() IX+Y)DI(X)+I(Y) mod 9; hence if X+YE I,
I(X)+ I(Y) € o.

(8) I(I(X))=I(X) mod 9.
9) If FEF(OM')*, then [ D ®*=f]=1I[f] mod 9, and hence

I[®*f] C I[f] mod 9.

As the last four of these statements are less trivial than the others, we
sketch their proofs.
Proof of (6). By (4) and 4.9(3),

IUX,) =U[e* U X,]CU[8*> xX.]=U { U [e*xX,] U z,,.}

where Z,E N, =Up o [@*"xX,|UZ =UI(X,)\JZ' where Z’€ . But I(UX,)
DI(X4), by (5).

Proof of (7). By (6), I(X)=I(XNY)UIX - V)UN, I(¥)=IXNY)
UI(Y —X)UN,, where Ny, N,E9U; so I(X)+I(Y)CI(X - Y)UI(Y —X)
UNUN, CI(X 4+ V)U(N,UN,) by (5).

Proof of (8). Using (4), (6) and 4.9(5), we find

II(X)) = U U [@*[e*x(X)]] = U [&*mtnxX] mod U’ = I(X) mod 9.

m n

Proof of (9). From (4) and 4.9(5), I[f]= [®*"x[f]]=U [®*"f] mod 3
= [ X ®*~f]. Hence [®*f]=I[f] mod 9, giving (from (3) and (8)) I[®*f]
CII[f]) mod 9 =1I[f] mod 9.

5. Proof of Theorem 1 concluded.

5.1 The o-ideal N. Define N = {X Ithere exists YEM' such that XCV
and I(Y)EXR}. We have at once:

(1) N is a o-ideal. (From 4.10(6).)

(2) W CRCKR. (From 4.10(3) and 4.10(1).)

3) If Xe&gN9a, X is empty. (From (2).)

(4) If fEF(M')* and [f]ENR, then [®*f]€N. (From 4.10.)

(5) 1f f, g€F(M)* and [f]+[g]E N, then [2*7]+ [P*g]E .

For let R—X=[f]N\[g], and put f=fxX+f, g=gxX+¢'. Then [f']
=[g'], so [®*']=[®*¢'] mod I, by 4.9(4). Also ®*f=*f +B*fxX mod I
=&*" mod 9 by (4) and (2). Thus, modulo %, [®*f]= [®*f'] = [*¢'] = [®*¢].

5.2 The algebra E. Now put ® =91+ ; this is a Borel field containing
9. Define E=®/9N, a Boolean ¢-algebra. Since M’ =®'+ 9’ and DI/, we
have ®=®'+91, and a typical element of E is thus the class of sets (X)+ N
(={X+N|NEn}) where XE®' =®R. We now prove

(1) E satisfies the countable chain condition.

Suppose @ is an uncountable family of sets A E®’, none of which is in €,
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but such that whenever 4,, 4, are distinct members of @ then A;NA,EN;
we must derive a contradiction. We may suppose that @ consists of just N
sets; well-order @ as {A.|a<w}, and let 4 =A.—U{4s|8<a}; then
Al E®, A, — Al €N, and distinct sets A4 are disjoint. Thus, replacing @ by
{4 |e<w}, we may further assume that @ consists of disjoint sets.

For each A€ @, there is a least 720 such that [®*x4] is of second
category in R (else I(4)EXR and A EN). Let @i be the subfamily of @ for
which this # has the value k; then @; must be uncountable for some &. If
k=0, we have that each 4 € Qs itself of second category; but (2.1(2)) each
AE® has the form Ra+H where a€E’' and HE XR, and if 4 is of second
category then a>0. So if @ is uncountable, E’ would not satisfy the counta-
ble chain condition. We may therefore assume that @ is uncountable for
some k1.

By 4.5(7) and 4.8(7) there exist sets Y1, Y3, - - - €& such that R—UY,
€N CI and ®**xYV,<1 mod . For every AC® we have [®*x4 ]
=U,[®*x(ANY,)] mod 9, by 4.9(2) and 4.9(3); hence if A E Gx we have
that [®**x(4N Y.)] is of second category for some 7. There is therefore some
n, which we may assume to be 1, to which uncountably many sets A& G«
correspond; we replace each such A by AM Y}, and thus obtain an uncounta-
ble family @' C®’ of disjoint sets satisfying:

(2) If AE@, then A C Yy and [®*xA4] is of second category.

From 4.9(1), there exists for each A € @' a positive integer #(4) and a set
W(A)EM’ of second category such that ®**x4 = (1/n(4))xW(A). There is
a positive integer k such that n(4) =h for uncountably many sets in G'; we
may thus assume further that

() IfAca’, *xA z(1/k)xW(4).

For each subset XC @', put W(x)=N{W(4)|A€x}. Then:

(4) If % has more than k elements, W(X) is of first category.

It is enough to prove this when & has h+1 elements Ao, 41, - - -, As. As
these sets are disjoint, we have, modulo 9l-negligible functions, from (3),
(h + DXW(X) S 2 {h®*xA4:|0 S i S h} = k®**(2_xA.) (see end of 4.8)
Shd*x(UA4,) Shd**x V1< h, proving W(X)ESNCXR.

Consider now the family {y} of maximal subsets Y of @ for which
W(Y) is of second category; each AE @ is in at least one Y (from (4), since
A is itself of second category), and each Y contains at most k sets A€ @'.
Further, if Y17Ys, W(Y1) and W(Y.) are in 9, are both of second category,
and have intersection of first category. By an argument similar to that used
above for k=0, there are only countably many sets W(Y), and therefore only
countably many sets Y, each with <# elements. Thus @' =UY is countable,
giving the desired contradiction.

5.3 The operator ¢. Let F=F(E); we define a mapping ¢ of F*in F* which
will be proved to satisfy the requirements of Theorem 1 (4.1). The elements
of F are of the form f=f+Z(9N), where fEF(IM'); here f+Z(IN) denotes the
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family of all functions f+h where % is 9-negligible. Since ® = ®'+ 9, we may
require fEF(®') here.

Define ¢f=®*f+Z(9N), where f=f+Z(91). From 4.8(3)—(5), this defini-
tion is single-valued and ¢ maps F* in itself. Further, ¢ is countably additive
from 4.8(5), and o-finite from 4.5(7) and 4.8(7); ¢ is thus an F-integral on F
(2.6). To verify that ¢ is a cylinder extension of ¢y, we first observe that the
correspondence x<>(Rx)+ 9 is (from 5.1(3)) a finitely additive isomorphism
between E’ and a finitely additive subalgebra of E which, restricted to E,
is a complete isomorphism (because DI D I;). We may identify E; with
the complete subalgebra {Rx+5)'(.| xEE.} of E (equivalently, we take
Ei=(®:+9)/N); and similarly we may identify Fj with the set of function
classes f4+Z(9N), fEF(®r)—that is, we realise Fy as F(R, ®Br+ 9, N). The
cylinder mapping of Fy in F is now the identity mapping of F. If fEF(®),
so that f=f+Z() is a typical element of F{, we again have that R f is the
unique k-continuous function in f (compare 4.4)(%). Now if fEF(®:)+,
O*f=®*R,f mod I by 4.8(4), (5), =PR:f mod N by 4.8(7) = Rip:f mod N by
definition of ®, so that ¢xf=(®*f)” =¢f. That is, ¢ is a cylinder extension of
¢ (E=0, 1,2, - - - ), and in particular of ¢.

5.4 Full homogeneity. All that remains is to show that ¢ is fully homo-
geneous. Write Ax =¢xx for xEE; thus N\ is countably additive and o¢-finite.
Let z0=V{z|2€E, \2=0}, z1=¢—20, E'= {3|3EE, s<2}. We first show:

(1) Given xE€E, there exists cxE© E! such that, for all y&E,

Ay A ox) = (Ay)xa.

(The element ox is in fact unique, but we do not need this.)
For let H be the set of elements xEE for which such a gx exists. Then
(2) if x€EH and yEE, My A(zi—0ax) } = Ay)x(—x).
For suppose first that Ay . Then

A®) =AY A z) =Ny A ox) + Ay A (21 — ox))
= Ay)xx + Ay A (21 — o%)),

so My A (z1—0x)) = Ay) (1 —xx) = Ay)x(—x).

In the general case, we know y=Vy, (n=1, 2, - - - ) where A\y,< «, and
the elements y, can be assumed disjoint. Then Ay, A (21 —0x%)) = Aya)x(—x),
and summation gives (2).

This shows that if x€H then —x&H, with ¢(—x) =2 —o0x.

Next let x,€H (n=1, 2,---), yEE, and suppose A\(y)< . Then
Ay AANox,) Ny N\oxa) = (Ay)xx. for all n, and therefore

A3) A AN ox,) £ y)x(A ).

() This depends on the observation that if g & F(®B;) is I-negligible, then g is M;-
negligible. For g=h mod 9; where & is k-continuous; being continuous and JR-negligible, k
must be 0.
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But My A (a1 — Aoxn)} =My A V(i —oxa)} £ 2Ny A (21 — 0xa)
= Y \)x(= xs) by (2) =My x(— %), and thus Ay A (21 — Aox.)
<inf{\y, \y 2_x(—xn)}; that is,

(4) M}' /\ (Z1 - A an)) é (>‘y)x V (_xu)'

But M yAAox.} +M{yA(z1—Aoxa) } =Ny Az) =\y<K ». Adding (3) and
(4), we see that both inequalities must be equalities; in particular (3) becomes

(5) Ay AN ox) = Ay)x(A ), Ay K .

The restriction Ay« is easily removed, as before, so (5) shows that
Ax,.€H, with a(Ax,) =Aox,.
Thus H is a o-subalgebra of E. Further,

(6) H contains each B, (= 0,1,2, - - ).

For (4.2(3)) ci41,4Pk41 is a fully homogeneous Fi-integral on Fiy1; we
apply [4, p. 175, Lemma 4] to its strict form, taking ox =7 (z, x) for * € Ei,
and obtain cr1,1Prs1Xe+1(Y ATK) = (Crt1,,Pr+1Xk+1Y) Xk +1%, Xik+1 denoting the
characteristic function in Fix.1. We use the same realisations of Fi, Fii1 as
at the end of 5.3; the cylinder mappings become identities, xr+1y=xy for
yE&E Ey41, and because ¢ is a cylinder extension of @41 it follows that ¢x(y Aox)
= (pxy)xx for xS Epy1; thus E; CEp 1 CH.

Now let 3¢=family of all sets X €®' such that (X)+9N&EH. Then X isa
Borel field containing Ug, =8, so 3D ®'. That is, (X)+NEH for all XE®,
proving E CH. This establishes (1).

Now, given x€E and gE F* such that g<Ax, we must find y<x in E
such that Ay=g. We may of course assume g>0; and it is enough to show
that there then exists a nonzero s=<x in E such that Az<g, as then an “ex-
haustion” argument, based on the countable chain condition (cf. [2, p. 283]),
produces the required element y. We may further suppose that x <a; where
1€ E; and Aa; = 1. For c10¢1 =¢ is fully homogeneous on Fy and ¢ extends ¢;;
hence (as in the proof of 4.6(7)) disjoint elements ai, @, - - - €E; exist such
that Va,=e and Aa,=1. Since Z)\(x/\a,.) =¢>0, there exists # such that
[N(xAa.)]A[g]#0; we may suppose =1, and then have gi=\(xAa1) Ag
>0; we replace x by x a1 and g by g1. For some positive integer m we have
g2 (1/m)xw for some nonzero w& E. Because of the full homogeneity of ¢,
there exist disjoint elements b1, by, - - -, bn©E; such that Vb;=a, and A\b;
=(1/m)Aal. Since x=Vb;, 2 A(b:iAxAow)= 2 NbiAx)xw= A\x)xw=gxw
2 (1/m)xw>0. Hence, for some i, 0<A(b:;AxAow) =N(b:i/\ow)=Ab;)xw
<(1/m)xw<=<g, and we take z2=b; Ax Aow. This completes the proof of Theo-
rem 1. *

6. Extensions of measures on measure algebras.

THEOREM 2. Let A be a (o-)subalgebra of a measure algebra (E, u).(*) Let N

(%) By saying that (E, ) is a measure algebra, we imply that u is o-finite and positive on E.



80 DOROTHY MAHARAM [April

be a o-finite positive measure on A. Then there exists a o-finite positive measure
\* on E which extends \.

In what follows, it is understood that all measures are to be complete and
o-finite, and that the sets and functions used are measurable.

By [3, Theorem 2b, p. 149], (E, u) has a realisation of the following form.
We can realise 4 algebraically as the measure algebra of a measure space
(S, v) (the measure » has no simple relation to u), and can find a measure space
(T, m) and a subset K of the product space S X T (to which we give the usual
product measure), in such a way that there is a measure-preserving isomor-
phism 8 of (E, u) onto a certain Borel field of subsets of K modulo null sets,
and further if €4 then fa is the class of the “cylinder set” (UXT)NK,
where U is any subset of S in the class a.

By the Radon-Nikodym theorem, there exists a non-negative function
f on S such that, for each UCS, NU) = fvf(s)dv(s). (Here A(U) means \a
where a is the class of U modulo null sets.) Write T=UT, (n=1, 2, - - - ),
where the sets T, are disjoint and m(T,) is positive and finite. Define

P(s) = f xx(0) (T 2m(T )} am);

this is defined and =1 for almost all s€S. Further, P(s) >0 almost every-
where, since if P(s) =0 for all s€ U, the set (UX T)MNK is null, showing that
U is in the class of 0&A4—that is, »(U) =0. Now define, for X CSX T,

N*(X) = f f UO/POID T T/ mT ).

Then, applying 6, we see that A* gives a o-finite positive measure on E. To
show that A\* extends N on 4, we verify (by a straightforward calculation)
that if UCS, M*((UXT)NK) =\U.

7. Extensions of operators for measure algebras. In this section we prove
that if we start with a measure algebra in Theorem 1, then we can arrange
to end up with a measure algebra. More precisely:

THEOREM 3. If, in Theorem 1, Eq is a measure algebra(®) with measure m,
the algebra E can be chosen so that it is also a measure algebra, with measure m
extending my.

Proof. Since m; is o-finite on E,, we can find an equivalent finite measure
md on Eo; say mg (¢) =1. We use the entire argument of §4 (but not of §5),
with the following additions. We first observe that E; can be taken to be a
measure algebra, say with measure m;. For let zo=V{x|x€Eo, ¢oxx=0},
z1=e—2. The “strict form” ¢y, of ¢y is defined on the function space on the
principal ideal Eq(z) = {xI xEEo, x<z}, and its range is the function space
on the principal ideal Eo(¢1]. The construction of E; depended in the first
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instance on applying the result of [4] to ¢o,; this gives an algebra E{ contain-
ing Eo(z1) as a subalgebra, and a fully homogeneous strict extension ¢g of
. to an operator from F(E{) to F(Eo[¢1]). We then take E;=direct sum of
E{ and E(z¢), imbedding E, in E, in the obvious way; ¢, is defined by ¢.f
=coipo.(fxz1). By [4, Theorem 5], E{ is isomorphic to a principal ideal in a
product J X Eo[¢1], where J is a numerical measure algebra. By [3; 2; 4],
if we give Eq[¢1 ] the measure m{, then JX Eo[¢1] with the usual product meas-
ure induces a (positive, o-finite) measure (say) m: on E{. We extend m; to
E, by using m¢ on E¢(20). By Theorem 2, there is a (positive) measure m; on
E, which extends mj. Note that m{ <1 on E,, because m{ (¢) =mg(e) =1.

In this way, we may suppose that all the algebras E; of 4.2 are measure
algebras, the measure my1 on Eiy, extending my on E;. Their common value
gives a finitely additive measure m’ on E’, and hence on the family & of sets
Rx, xEFE/', in the representation space R of E’ (cf. 4.3). By the same reason-
ing as in 4.6, we extend m' to a complete, countably additive measure (still
denoted by m') on a Borel field containing ®’; note that m’'(R) =1. Let 3°
denote the family of subsets of R with zero m’-measure. We show:

1) RN D Ny, (k=0,1,2,---).
For, by 2.3(4), each XE N, is contained in a set of the form {-!'Y, where
YexSN®S. By 3.2, YCU, N, Sxpn, where XmaCEi, Xm ZXme= - - - and

Aw Zmn=0. Thus X C¢ 1Y CUn Ny Rema by 2.2(1); now, as my is finite,
mi Xmn—0 as n— o, s0 m'N, Rxm,=0 for each m, proving m’'X =0 if X S N,.
It follows at once that

2 9D AN

Define %= { X| X C ¥ for some YENM' such that I(¥)EN°}. It is easily
verified that all the properties in 5.1 continue to apply for this modified

definition of 91, except that in 5.1(2) we no longer have 91 C XR. But instead
we have

(2) N C N,
because if X &9 then X CYCI(Y) where I(Y)E R°. Hence 5.1(3) continues

to hold.
For each fEF(M')+, put

¥f = 2 27°8*(fxGn),

the sets Gi, G, - - -, being those of 4.6. Then Y1 =1, YfEF(M')*, ¢ is linear
and countably additive mod 9, and [yf]= [®*f] mod 9. Hence ¢yfE Z(')
if fEZ('), and from this an easy induction shows that [Y*f] = [®**f] mod 9V

(where f&€F(M')* and k=0, 1, 2, - - - ), and that ¢* is countably additive
mod 9. Further,
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3) 12 27+ WkxX] = I(X) mod 9V (X ewm),

because (modulo )y I(X) = [D2®*xX] = U[@*xX] = U[y*xX]
=U[2-1yhx X ] = [ 22 yix X ]
Now define, for X&a,

m*X = f > 27k Nky Xdm',
R

The integrand is 9’ -measurable, non-negative, and <1, so m* is well defined
and is a finite, countably additive measure on 9M’. We complete this meas-
ure as usual, still calling it m*, and show

“) m*Y = 0if and only if ¥ € 9.

For if m*Y =0, we have Y CX where XE’ and m*X =0. In the defini-
tion of m*X, the integrand must be zero almost everywhere (m'), which from
(3) and (2) gives I(X)EN® and therefore YEN. Conversely, if YEIX,
YCXEM where I(X)EN, and so m*X =0.

The algebra E is now defined exactly as in 5.2, except that we use the
new meaning of 9(; and the measure m* on M 4+ N induces a positive o-
finite measure m* on E. The proof of 5.2(1) no longer applies (as there we
used 9T C XR), but the result itself (the countable chain condition) is a trivial
consequence of the existence of m*. The operator ¢ is defined just as in 5.3;
the arguments in 5.3 and 5.4 apply unchanged, so that ¢ is a fully homo-
geneous cylinder extension of ¢o. Finally, by Theorem 2, we replace the
measure m* on E by a (positive, ¢-finite) measure m which extends m, on E,,
and the proof is complete.
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